For a positive integer k, a graph is k-knitted if for each k-subset S of vertices, and every partition of S into disjoint parts S 1 , . . . , St for some t ≥ 1, one can find disjoint connected subgraphs C 1 , . . . , Ct such that C i contains S i for each i. In this article, we show that if the minimum degree of an n-vertex graph G is at least n/2 + k/2 − 1 when n ≥ 2k + 3, then G is k-knitted. The minimum degree is sharp. As a corollary, we obtain that k-contraction-critical graphs are k 8 -connected.
Introduction
Linkage structure plays an important role in the study of graph minors. For an integer k ≥ 2, a graph G is k-linked if for every 2k vertices u 1 , . . . , u k , v 1 , . . . , v k , one can find k internally disjoint paths P 1 , . . . , P k such that P i connects u i and v i . Clearly, a k-linked graph is k-connected. It has been an interesting problem to determine the function f (k) such that f (k)-connected graphs are k-linked.
After a series of papers by Jung [8] , Larman and Mani [13] , Mader [15] , Robertson and Seymour [17] , Bollobás and Thomason [1] , and Kawarabayashi, Kostochka, and the third author [10] , it was shown by Thomas and Wollan [18] that f (k) ≤ 10k, which is the best current result. Among these papers, Bollobás and Thomason [1] gave the first linear upper bound for f , namely, f (k) ≤ 22k. In the proof of Bollobás and Thomason, they introduced the notion of knitted graphs.
For 1 ≤ m ≤ k ≤ |V (G)|, a graph G is (k, m)-knit if for any set S of k vertices of G and any partition S 1 , . . . , S t of S into t ≥ m non-empty parts, G contains vertex-disjoint connected subgraphs C 1 , . . . , C t such that S i ⊆ V (C i ) for i ∈ [t]. Clearly, a (2k, k)-knit graph is k-linked. Bollobás and Thomassen [1] proved that if a k-connected graph G contains a minor H, where H is a graph with minimum degree at least 0.5(|H| + ⌊5k/2⌋ − 2 − m), then G is (k, m)-knit. They used this result to show that f (k) ≤ 22k.
Kawarabayashi and the third author [11] used the knitted property of graphs to study the connectivity of contraction-critical graphs. A graph G is k-contraction-critical if the chromatic number of G is k, and any proper minor of G is (k − 1)-colorable. The famous Hadwiger's Conjecture [6] states that the only k-contraction-critical graph is K k . The connectivity of these graphs has been a crucial part in the study of Hadwiger's Conjecture and related problems. Dirac [5] proved that any k-contraction-critical graph is 5-connected for k ≥ 5. Mader [16] extended this and showed that any 6-contraction-critical graph is 6connected, and any k-contraction-critical graph is 7-connected for k ≥ 7. The first general result was found by Kawarabayashi [9] , who proved that any k-contraction-critical graph is 2k 27 -connected. This was improved later by Kawarabayashi and the third author [11] , who showed that such graphs are k 9 -connected. Very recently, we [14] showed that any k-contraction-critical graph is 8-connected for all k ≥ 15.
In [11] and [14] , one needs to show a small dense graph is k-knitted, where a graph is k-knitted if it is (k, m)-knit for all m ∈ [k]. The following result is used in [11] . for every pair of non-adjacent vertices x and y, then G is k-ordered, where a graph is k-ordered if for every k vertices of given order, there is a cycle containing the k vertices in the given order. It is worth noting that every k-ordered graph is k-knitted. For n ≥ 5k, Kostochka and the third author [12] showed that a graph G with minimum degree at least (n + k)/2 − 1 is k-ordered, which is stronger than Theorem 1 for large n. One can get better results than k 9 -connected for k-contraction-critical graphs if this minimum degree condition could be applied. However, it is not known if the minimum degree condition still holds for n < 5k.
In this note, we show that the minimum degree condition holds for n ≥ 2k + 3 when we desire the slightly weaker conclusion that the graph is k-knitted instead of k-ordered.
Moreover, the minimum degree condition is sharp.
For the sharpness, we consider the graph G whose vertex set consists of three disjoint sets A, B, C with |B| = k − 2, |A| = 1 2 (n − (k − 2)) , and |C| = 1 2 (n − (k − 2)) so that A ∪ B and C ∪ B are cliques. Clearly, the minimum degree of G is n+k 2 − 2. If we take S to be B ∪ {x, y} with x ∈ A, y ∈ C and let {x, y} be one part of the partition of S, then one cannot find a connected subgraph containing x, y that is disjoint from the subgraphs containing the other parts of the partition.
By using Theorem 2 instead of Theorem 1, one can obtain the following result.
Corollary 3. For positive integer k, each k-contraction-critical graph is k 8 -connected. The proof of Corollary 3 follows from the same proof of Theorem 5 in [11] . With a little more effort, one might be able to get k 6 . However, Chen, Hu and Song [3] recently claimed to prove that every kcontraction-critical graph is k 6 -connected. Very recently, Chen [2] told us that they also obtain the optimal minimum degree condition for all n (including n < 2k + 3) and their proof is quite complicated (more than 30 pages); by using that, they might be able to show that each k-contraction-critical graph is k 5 -connected.
Proof of Theorem 2
Let G be a graph with n ≥ 2k + 3 vertices and minimum degree δ(G) ≥ n/2 + k/2 − 1, and suppose G is not k-knitted for some integer k ≥ 5. Then by definition, there is a set S ⊆ V (G) with |S| = k and a partition of S into t nonempty parts S 1 , . . . , S t such that G does not contain disjoint connected subgraphs containing S i for each i ∈ [t]. Choose a partial (k, t)-knit C = ∪ t i=1 C i with S i ⊆ C i such that: (1) |C| < n;
(2) subject to (1) , the number of components in each C i is minimized;
(3) subject to (1) and (2), the number of vertices in C is minimized. By (1), G − C is nonempty. We will need the following.
It follows from Lemma 1 that d(u, C) ≤ 1.5k for u ∈ V (G − C), where the maximum is attained only if |S i | = 2 for all i. We further extend this lemma.
Proof. Suppose to the contrary that u has no neighbor in some component (3), and we may assume D is a tree whose leaves all belong to S i . By Lemma 1, there is a subtree
Proof. By Lemma 2, we may assume that C i is connected. We use double induction, first on |S i | then on |C i |. If S i has two vertices, then u has three neighbors in C i which is a path, thus the three neighbors must be consecutive on the path, so we may take the middle neighbor as v. So we let |S i | ≥ t > 2. As C i contains a spanning tree whose leaves are in S i , we may assume that C i is a tree with t > 2 leaves. For each leave x ∈ C i , let P x be the path from x to the closest vertex with degree at least 3 or in S i . Then C i − P x is a tree with |S i | − 1 vertices in S.
If u has at least two neighbors on some P x , then we may take v to be a neighbor not closest to x. As u has at least |S i | + 1 ≥ 3 neighbors on C i , C i − v + u is connected. So assume that u has at most one neighbor on all P x . If u has exactly one neighbor on some P x , then u has |S i | neighbors on C i − P x . By induction, there
Suppose that x, y ∈ S 1 are not in the same component. Let A = N (x) − C and B = N (y) − C. And N (B) − (B ∪ C) . We further require that (4) subject to (1)- (3), A is nonempty, if possible; (5) subject to (1)-(4), B is nonempty, if possible; and (6) subject to (1)-
then it must be the case that d(u, C 1 ) = |S 1 | + 1. From Lemma 3, there exists some v ∈ N (u) ∩ (C 1 − S 1 ) such that C 1 − v + u is connected. Making this exchange gives a knit C ′ with fewer components than C while |C ′ | = |C|, contradicting (2). Hence Proof. Suppose that A is empty. Let u ∈ V (G) − C. We claim that if d(u, C i ) = |S i | + 1, then x has at least one non-neighbor in C i . As u has
, otherwise, we can make A to be non-empty.
Thus x has at least d(u, C)−|S|+2 non-neighbors in C (including x and y).
, a contradiction. Now suppose that A is nonempty and B is empty. If there exists u ∈ V (G) − C − A, then the above argument applies. So V (G) − C = A. Similarly, if A contains more than one vertex, then we may take one of them to be u and apply the above argument to make B nonempty, so |A| = 1. Let u ∈ A. Then δ(G) ≤ d(u) ≤ d(u, C) ≤ 1.5k − 1, thus n/2 + k/2 − 1 ≤ 1.5k − 1, contradicting that n ≥ 2k + 3.
Note that we have not shown that A and B are disjoint.
Lemma 5. n − |C| ≥ 6.
Proof. For otherwise, let n − |C| ≤ 5.
We consider the degree of u ∈ A ∪ B. Note that δ(G) ≤ d(u) = d(u, C) + d(u, V (G) − C) ≤ 1.5k − 1 + d(u, V (G) − C) and δ(G) ≥ (2k + 3)/2 + k/2 − 1 = 1.5k + 0.5. So we have d(u, V (G) − C) ≥ 2. It follows that V (G) − C contains at least three vertices, so 3 ≤ n − |C| ≤ 5. Take u ∈ A and v ∈ B. Then both u and v have at least two neighbors in G − C. So if n − |C| = 3, then u = v or uv ∈ E(G), and we can add a path between x and y by using at most two vertices in G − C, decreasing the number of components in C while maintaining |C| < n. If 4 ≤ n − |C| ≤ 5, then u = v or uv ∈ E(G) or u, v have a common neighbor in G − C, and we again can add a path from x to y by using at most three vertices in G − C, which decreases the number of components in C while maintaining |C| < n, a contradiction. Proof. If there is a path from x to y through G − C of length at most 6, then we add this path to C. Now we add at most 5 vertices to C, whose order is still less than n by Lemma 5, but decrease the number of components in C.
For the furthermore part, without loss of generality we may assume that w ∈ V (G)−(A∪B ∪A 1 ∪B 1 ∪C). Note that w has no neighbors in one of A 1 or B 1 , for otherwise, we may add a path from x to y of length 6 to C, a contradiction. We may assume that w has no neighbors in B 1 . Take u ∈ B.
So n ≥ |C| + |A| + d(w, G − C) + d(u, G − C) + |{w, u}| ≥ |C| + |A| + 2δ(G) − (d(w, C) + d(u, C)) + 2. It follows that d(w, C) + d(u, C) ≥ 2δ(G) Now if w has a neighbor in A ∪ A 1 ∪ B ∪ B 1 − {u, v}, then we can find a path from x to y via w using at most three vertices in A ∪ A 1 ∪ B ∪ B 1 − {u, v}. Now, we have a knit C ′ with fewer components, while maintaining |C ′ | ≤ |C| + 5 < n, a contradiction. So all neighbors of w are in C ∪ {u, v}. Replacing w with u in C i , we get a new knit C ′ so that w ∈ C ′ . However,
Therefore, for some i ∈ [t], d(w, C i ) > |S i | + 1, a contradiction to Lemma 3.
